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Abstract

Over the past two decades dramatic progress has been made in the development of the theory of X-ray and electron
spectroscopies, e.g., X-ray absorption spectra (XAS), core-level X-ray photoemission spectroscopy (XPS), X-ray photoelec-
tron diffraction (XPD), etc. A revolutionary advance was the development of efficient and accurate treatments of high-order,
curved-wave electron multiple-scattering for high electron energies above a few hundred eV. These advances were applied
first in the theory of X-ray absorption fine structure (XAFS) and subsequently in X-ray photoelectron diffraction (XPD).
They also led to efficient ab initio codes which permit a quantitative interpretation of the spectra. Extensions have made it
possible to treat magnetic effects, e.g., X-ray magnetic circular dichroism (XMCD) and its analog in XPD. Important
progress has recently been made in understanding near-edge spectra, e.g. X-ray absorption near edge spectra (XANES),
which often require a full-multiple-scattering treatment. Although such calculations had been highly demanding computa-
tionally, fast new approaches based on efficient Lanczos approaches and parallel processing have been developed to
overcome this limitation.
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1 . Introduction These LEED-like methods were most effective at
relatively low kinetic energies (below a few hundred

The development of X-ray spectroscopy theory eV), but became rather slow computationally at
has roughly paralleled that of modern synchrotron higher energies. Very significant advances in multip-
radiation X-ray sources over the past three decades. le-scattering (MS) theory have revolutionized the
After the introduction of synchrotron facilities, techniques of extended X-ray absorption fine struc-
accurate multiple-scattering methods were developed ture (EXAFS) and X-ray photoelectron diffraction
for photoelectron diffraction in the mid-1970s [1,2]. (XPD) for local structure determinations [3–5].

Remarkably the advances were of a similar nature,
but applied to different spectroscopies by different*Corresponding author. Tel.:11-510-486-6160; fax:11-510-
groups. For example, the development of curved486-4995.
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accurate plane wave approximation had originally 2 . Key developments in theory
been applied to EXAFS by Rehr et al. [6] and
subsequently to XPD by Fadley et al. [7]. As a Formal theories of XAS and XPD generally start
second example, the development of the separable from Fermi’s Golden Rule. Thus the X-ray-absorp-
approximation for the electron propagator by Rehr tion coefficientm at X-ray energy"v is given by
and Albers made MS calculations efficient and

2
m(E)|O ukiuA ? pu f lu d(E 2E ), (1)faccurate both for EXAFS [8] and XPD [9]. These

f
parallel developments were possible since the under-

whereE 5"v 2E is the photoelectron energy,A ? plying physics of these spectroscopies is similar, i

is the coupling to the X-ray field with vectorinvolving the photo excitation of an energetic photo-
potential A, and the sum is over unoccupied finalelectron and the creation of a deep core hole. As a
states. Similarly in core photoemission the photo-result of these ‘2nd generation theory’ developments, →

the basic theory of the fine structure in EXAFS and current in a directionk is given by:
XPD can be considered as well understood. These → →

2
s(k )5 ukiuA ? puk lu d(E 2E ), (2)developments are discussed in detail in several k

reviews [3,4]. →
where uk l represents a time-reversed scattering stateSignificant progress has also been made in ‘third
in the direction of the detector. Most practicalgeneration’ theories, in parallel with the current
calculations are based on: (a) the dipole-approxi-series of high brilliance X-ray sources, such as the
mation and (b) the reduction of the Golden Rule to aALS and APS. This progress is largely aimed at
one-electron approximation. Although the questionunderstanding the physics of the near edge structure,
of which one-electron states to use in a one-electroni.e., the structure within about 30 eV of threshold
theory is not unambiguous, much current work iswhere strong chemical (and hence strong MS contri-
based on the ‘final-state rule.’ This rule asserts thatbutions) and many-body effects are most important.
final states should be calculated in the presence of anSuch calculations are highly demanding computa-
appropriately screened core-hole, and all many-bodytionally. However, the development of efficient
effects and inelastic losses are lumped into a com-Lanczos iterative MS algorithms, first in XPD [10]
plex valued optical potential. This approximation isand then in XAS [11], gives hope that this regime
used in FEFF and many other codes. Another oftenmay eventually be amenable to accurate calculations.
used approach for calculating XANES is the atomicNonetheless, a fully quantitative treatment remains
multiplet theory [20,21]. A challenge for the future iselusive, due to a host of complications, e.g., full
to improve on these approximations.potential corrections and many body effects such as

core-hole effects and inelastic losses. The develop-
ment of efficient theory has also given rise to several 2 .1. Green’ s function formalism
ab initio codes for XAS calculations in arbitrary
systems, for example, CONTINUUM [12], EX- An important formal development in modern
CURVE [13], FEFF [14,15] and GNXAS [16]. This theories of X-ray spectra is the replacement of
development was revolutionary in that it provided explicit calculations of wave functions or scattering
accurate theoretical EXAFS standards which elimi- states in the Golden Rule with a Green’s function
nated the need for the tabulated phase shifts and approach [22,23]. Calculations of final states is often
greatly simplified the analysis of experiment. Simi- a computational bottleneck, and can only be carried
larly codes for XPD were developed, e.g. MSCD out efficiently for systems with symmetry, e.g.,
[17,18] and EDAC [10,19]. atoms, small molecules, or crystalline solids. How-

In the remainder of this article we summarize the ever, many systems of interest lack such symmetry.
key concepts that have led to the current theories, Also band structure methods which are often used
emphasizing the parallel developments in X-ray for solids [24,25] generally ignore important effects
spectra and photoelectron diffraction. such as the core-hole and lattice vibrations, which
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spoil exact crystal symmetry. Thus instead of ex- approximated by a local self energy (see below).
plicitly calculating final states, it is often preferable However, these approximations can be inadequate
to express the result in terms of the one-electron for XANES and valence-level photoelectron diffrac-
Green’s function or photoelectron propagator in real tion, where chemical effects and charge transfer are

1space, G(E)5S u f lk f u /(E 2E 1 i0 ), which im- important, in which case self-consistent (SCF) calcu-f f

plicitly sums over all final states. In terms ofG, the lations are necessary. Muffin-tin corrections can also
X-ray absorption coefficient becomes be important at low electron kinetic energies, and

hence the development of a full-potential generaliza-1
tion is desirable [28,29].] ˆ ˆm(E)| 2 Imkiu e ? r9G(r9, r, E) e ? ruil. (3)

p Another advantage of the Green’s function formal-
Within MS theory the propagatorG(r, r9, E)5 ism is that it simplifies the treatment of inelastic
S R (r)G R (r9) can be factored. Then the losses, i.e. the electron mean free path. Indeed, aL,L 9 L L,L 9 L 9

expression form can be reduced to a calculation of crucial difference between ground state electronic
ˆatomic dipole-matrix elementsM 5 kiue ? ruLl and a structure calculations and excited states is the need inL

propagator matrixG . Moreover, the matrixG the latter for a complex, energy dependent ‘self-L,L 9 L,L 9

can be re-expressed as a sum over all MS paths that energy’S(E). This mean free path differs from that,
a photoelectron can take away from the absorbing say in LEED, since it depends on the core-hole
atom and back [22], and thus gives rise to the path lifetime, and also on various many-body relaxation
expansion which has been used both in EXAFS and effects. The self-energy is essentially a dynamically
XPD [4]. The relativistic generalization [26] is screened exchange interaction, which is the analog of
similar; however relativistic effects (e.g, spin–orbit the exchange-correlation potentialV of densityxc

effects) are biggest in the atomic cores and mostly functional theory. The self energy varies by about 10
affect the dipole matrix elements. SinceG 5 eV over EXAFS energies, and leads to systematicL,L 9

c scG 1G naturally separates into intra-atomic shifts in energy of XAS peaks from their groundL,L 9 L,L 9

contributions from the central atom and from MS, state positions. FEFF and other XAFS codes often
the XAS factorizes asm 5m (11x). Hence the use an approximate electron gas Hedin–Lundqvist0

structure in m depends both on an (embedded) self-energy. A challenge is to develop improved
atomic backgroundm and on the MS or fine self-energy approximations.0

structure signalx. This result is consistent with the
experimental definition of XAFSx 5 (m 2m ) /Dm , 2 .2. Curved-wave multiple scattering theory0 0

where Dm is the jump in the smooth atomic-like0

background. For XANES, however, the MS expan- One of the most important theoretical develop-
sion is often carried to all orders (full MS) by matrix ments in XAS and XPD was that of efficient curved-
inversion [12,27] and is then equivalent to ‘exact’ wave scattering theory. Because of curved wave
treatments, e.g., the KKR band structure method effects, exact MS calculations can be very time-
[23]. consuming and at high energies can only be carried

In MS theory the scattering potentialsv are out for low-order MS paths [30]. For the samei

implicitly contained in the scatteringt-matricest 5 reason, band structure approaches are generally
v 1 vGt at each site, in terms of partial wave phase limited to energies below a few hundred eV. A major
shifts, t 5 exp(id ) sin(d ). The calculations simplify drawback of some early treatments of XAFS andl l l

for electrons of moderate energy, since scattering XPD was the use of the crude plane-wave approxi-
depends largely on the density in the core of an mation (PWA) to describe scattering of the photo-
atom, where spherical symmetry is a good approxi- electron. Subsequently, Rehr et al. showed how
mation. Thus the Coulomb part is well described by single scattering theory could be recast in a form
an overlapped atomic charge density and the over- analogous to the PWA but with an effective, curved
lapped muffin-tin approximation (i.e., the Mattheiss wave scattering amplitudef . This quantity has aneff

prescription), while the exchange term can be well expansion in partial waves analogous to the back-
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scattering amplitude in the PWA, but has a substan- permits one to combine and then sum all the factors
tial phase shift at all energies, which explains why involvingL at a given site into a scattering matrix

˜the PWA is almost always a poor approximation. In F 5o Y t Y ; this is the analog of the PWAl9,l L l9,L L L,l

an extension of this approach, an analogous effective and yields an accurate curved-wave XAFS formula
scattering amplitude was derived for XPD, and with the usual scattering amplitudesf(u ) replaced by
applied by Sagurton et al. [7]. low-order (636) matrices. With separable prop-

One of the major theoretical advances of 2nd agators, the MS expansion can naturally be calcu-
generation theories was the development of efficient lated as a sum over MS paths. For EXAFS, for
approximations to treat MS. Some of the first such example, one obtains
approaches were developed by Barton and Shirley

u f (k)u 2 2eff2 22R /l 22s k[31] for XPD. In an effort to improve on their k]]x(k)5 S O sin(2kR1F ) e e ,0 2 kkRapproach, an efficient scattering matrix formalism paths

was derived, based on a separable representation of (5)
the free propagatorG(E) [8]. This ‘Rehr–Albers’

1 / 2approach turned out to overcome many of the where k 5 [2(E 2E )] is the wavenumber mea-0

computational difficulties of the MS expansion, i.e., sured from thresholdE , l is the XAFS mean-free0 k

(1) the large angular-momentum basis; (2) the path, ands is the rms fluctuation in the effective
proliferation of MS paths; and (3) the need for path length R5R /2. This expression has thepath

correlated MS Debye–Waller factors. The first diffi- same form as the famous XAFS equation of Sayers,
culty was overcome in two steps. First, by using Stern and Lytle [34], However, it must be stressed
rotation matrices, successive bonds in a path are that all quantities in Eq. (3) must be redefined to
rotated to thez-axis, thus reducing the problem to a include curved-wave and many-body effects. For
calculation of ‘z-axis propagators’ [8]. Propagators example, the plane wave back-scattering amplitude is
along thez-axis have greatly simplified mathematical replaced by an effective curved-wave scattering
properties; although the terminology ‘z-axis prop- amplitude f (k) (after which the FEFF codes areeff

agator’ is recent, these quantities have a long history named), and which was not in the original formula.
and have been rediscovered several times [32,33]. For XANES, however, exact propagators are needed.
However it has also been found that it is both stable It turns out that the RA approach still provides a
and accurate to use the recursive calculations of the stable and efficient algorithm [35] which has been
RA separable representation, as we now discuss. A implemented in the FEFF codes.
detailed discussion of the convergence of the RA
approach has also been carried out [17]. The second

2 .3. Accurate Green function expansionsstep of the RA method is an exact, separable
representation of thez-axis propagators, which was

As discussed in the previous sections, the MSinspired by the low-energy approximation of Barton
series can be summed to all orders by means ofand Shirley [31]. Together this yields
various numerical algorithms. The propagator matrix
G is thus calculated exactly, implicitly includingikR0 L,L 9e ˜ all MS paths up to infinite order. In a cluster]]G 5 S Y Y , (4)LR,L 9R9 l L,l l,L 9kR0 approach, the electron wave function can be written

(1)as a combination of outgoing scattered wavesh˜ Lwhere R05R92R. The coefficientsY and Y con-
centered at the positions of the cluster atomsr asaverge rapidly in powers of 1/kR, and hence the

representation can be severely truncated. The ap- (1)
f(r)5O f h [k(r2 r )], (6)a,L L aproach becomes exact at low energies or for single

a,L
scattering, and typically only six terms suffice to
converge within experimental precision over the full wherek is the electron momentum and the expansion
range of wave numbers in EXAFS experiment. The coefficientsf can be shown to satisfy the follow-a,L

advantage of the separable representation is that it ing self-consistent relation (in matrix notation) [10]:
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0
f 5f 1 t O G f (7)a a a ab b

b±a

in terms of the coefficients of the direct wave
0expansionf (i.e., in the absence of MS) [10].a,L

Here, t is the scattering matrix of atoma and Ga ab

is the Green function that propagates the wave
function from atomb to atoma.

The separable approximation discussed above
yields the computationally expensive products in-
volving G by expanding this operator as a sum ofab

products of matrices of smaller size, which leads to
the concept of electron path. This approximation
becomes cumbersome when the number of cluster
atoms and scattering paths that contribute in the
calculation of the wavefunction is large. In such
cases, an alternative approach consists in evaluating
Eq. (7) directly, without making any approximation
to the propagator. For small clusters, as in the case of
emission or absorption in free molecules, Eq. (7) can

Fig. 1. Theoretical calculation of the angular distribution ofbe solved by direct inversion. This has been done in
electrons photoemitted from the 1s-shell of C in CO. The lightparticular for calculating the photoemission spectra
polarization´ is parallel to the C–O axis (solid line), with the O

of fixed-in-space diatomic molecules, for which atom toward 08 (right side), and the C atom toward 1808 (left
extensive sets of experimental data have been col- side). The kinetic energy of the electrons is 10.4 eV in the upper

panel and 21.0 eV in the lower panel. The black squares, circleslected [36–38].
and triangles are experimental data from Refs. [39–41]. ThePreviously, free-molecule studies were limited to
intensity is plotted in arbitrary units.orientationally-averaged measurements, thus limiting

the information derivable from the data. The depen-
dence of such fixed-in-space angular distributions on at the shape resonance (E 510.4 eV), and the lower
photon energy provides an exciting new probe of the panel shows the angular distribution when the kinetic
molecular electronic structure and dynamics. Par- energy is well above it (E 5 21.0 eV). The theoretical
ticularly important are the energies for which the calculations agree well with recent experimental data
so-called shape resonances appear in the continuum, [39–41]. For kinetic energies above the shape reso-
since the experimental angular profiles show radical nance, the electron intensity along the C direction is
changes. The theoretical calculation of the photo- higher than the electron intensity along the O
emission spectra in this range of energies requires direction [37]. This behavior is reversed at the shape
the inclusion of non-spherical effects in the scatter- resonance. The shape resonance thus implies special
ing of the electron off the molecular centers [28]. conditions of scattering for which the directly emit-
The comparison between experiment and theory ted wave and the scattered waves combine to create
shows excellent agreement, in particular regarding constructive interference along the O direction.
the angular distribution of photoemission near the For much larger clusters of atoms, direct inversion
so-called shape resonance, which is highly sensitive of Eq. (7) is computationally prohibitive, and one
to the details of the potential [29]. As an example, has to rely on iterative techniques that yield the wave
Fig. 1 shows the angular distribution of electrons function coefficients by successive refinement. One
photoemitted from the 1s-shell of C in the CO such method is the recursion method, which is
molecule, when the incident light is linearly polar- implemented in the fully automated code EDAC
ized and the polarization vectoŕ is parallel to the (Electron Diffraction in Atomic Clusters) [10,19].
molecular axis. The upper panel shows the angular This program can calculate photoelectron angle and
distribution when the kinetic energy of the electron is energy distributions without any external parameters.
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In particular, scattering phase shifts and muffin-tin czos algorithms such as the Lanczos/LU have
potentials are automatically obtained inside the code. proved to be both stable and accurate [11]. Even

The recursion method has the advantage of avoid- more dramatic reductions can be obtained from
ing divergences in the MS series that would other- parallel MS algorithms. These scale asA1B /N,
wise lead to limited numerical accuracy. This meth- whereN is the number of processors, and hence can
od can also be applied to systems where clusters increase the speed by orders of magnitude [11,18].
composed of thousands of atoms are needed. As an For example, parallelization has been implemented
example of this, Fig. 2 illustrates the convergence of in the FEFF8 XAS code with the MPI (message-
the emission intensity from a subsurface Cu atom as passing-interface) protocol [45]. As a result of these
a function of the number of atoms used to simulate a advances, an improvement in computational speed of
surface. An R-factor analysis has been used to about two orders of magnitude has been achieved,
quantify the degree of convergence of the emission making such calculations practicable in complex
intensity as compared to the case ofN 5 1856 atoms. systems of order 1000 atoms.
The latter case is taken as a reference converged
calculation. The inset shows the actual intensity as a 2 .4. Quantitative calculations and applications
function of the azimuthal angle of emission, showing
that even for 900 atoms there are sizable differences Fully quantitative calculations require several
between the angular scan curves. other considerations, in particular the effects of

Several other approaches have been developed for thermal disorder and inelastic losses. The effects of
speeding up such calculations. Promising methods disorder are also of crucial importance both in XAFS

2include a convergentN -scaling iterative method and XPD, as they lead to damping of the rapidly
[42], the continued-fraction recursion method [43,10] oscillating fine structure amplitudes. A useful simpli-
repartitioning [44] and iterative approaches which fication is the cumulant expansion which gives an
can provide substantial improvements on the conven- efficient parameterization of such disorder [46,47] in
tional LU decomposition. In particular modern Lan- terms of a few moments or cumulants of the

vibrational distribution function. One of the prob-
lems with the one-electron approximation is an
overestimation of fine structure amplitudes, which is
corrected phenomenologically by an amplitude re-

2duction factorS . This factor is typically between0

0.7 and 0.9 and arises largely from intrinsic losses in
the creation of the core hole, i.e., the multi-electron
shake-up and shake-off excitations [48]. Partly due

2to the difficulty of calculatingS , the determination0

of coordination numbers from EXAFS is typically
accurate only to61. Recently, however, a quasi-
boson formalism has been introduced for such
calculations which treats both extrinsic and intrinsic
losses, as well as interference between them [49].
The interference terms tend to suppress excitations

Fig. 2. R-factor (Eq. (34) of Ref. [10]) variation with the number
near threshold, which may explain why the existenceof atoms N for Cu 2s photoemission from the third layer of a
of sharply defined multi-electron peaks in XANESCu(111) surface. Azimuthal scans have been considered with a

polar angle of emission of 358, a photoelectron energy of 100 eV, has been controversial [50]. Preliminary numerical
2and p-polarized light under normal incidence conditions, as shown results forS from this approach are quite promising.0

schematically in the lower left corner of the figure. The inset Similar theoretical developments have been carried
shows the intensity as a function of the azimuthal angle for

out for core photoemission spectroscopy (PES). Forvarious cluster sizes, as indicated by labels. The intensity is
example, Ref. [51] discusses the transition from thenormalized to that of the direct emission without inelastic attenua-

tion I . adiabatic to the sudden limit in PES.0
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Because the underlying physics is similar, the adjacent vacuum. The boundary condition forces the
same approaches can be applied to many other wave function to decay to zero in the vacuum region.
spectroscopies, e.g., electron energy loss spectra The final state arises as a solution defined by
(EELS) [52], circular dichroism (XMCD) [53], etc., outgoing asymptotics which denotes a Cauchy prob-
in addition to XPS. For example, FEFF has also been lem rather than a customary boundary value problem
adapted for studies of diffraction anomalous fine for an elliptic type partial differential equation.
structure (DAFS) [54] and the X-ray elastic scatter- Instabilities arise which are known to spoil the usual
ing amplitude [55]. matching algorithms. However, procedures have

been developed to convert the asymptotic conditions
into an ordinary mixed boundary value problem

3 . Combined view of initial and final states in [56–60].
photoemission Thus, the matrix element for such a transition can

be roughly described as an integral over two factors,
According to the Golden Rule, the photocurrent in each varying monotonically with one of the two

the one-step model is effectively determined by the charge densities. If one neglects the phases, regions
matrix element between the initial and the final with large initial and final state charge distributions
states. To illustrate the various contributions to the should contribute relatively more. A strong local
matrix element it is convenient to represent both variation of the final state is observed from the
wave functions in position space via a direct solution calculations, in strength similar to what is common

¨of the Schrodinger equation, instead of the MS for the initial states, see Fig. 3. The consideration of
procedure. The initial state arises as a stationary both contributions can lead to a characterization of

¨solution of the Schrodinger equation for the half emissions as arising from specific orbitals and sites
space occupied by the solid and its surface with of the initial state. The dipole operator in the matrix

Fig. 3. Constant-square modulus plots of final (a and c) and initial (b) states for the GaAs(110) surface. The final states differ in the
azimuthal escape angle: (a)f 5 1958, and (c)f 5 158. The surface is indicated by the rectangular frames, with surface As atoms at the
corners of the upper frame, the solid below and the vacuum above. Coordinate axes are shown at the bottom.
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element either in the position or momentum repre- mechanism. As a numerical method it shows its
sentation contributes primarily through the polariza- strength for angle resolved valence spectroscopy in
tion of the incident light in the long wave case, say the VUV light regime. Though not discussed here, it
of the vacuum ultraviolet light. It thus emphasizes can be understood that procedures residing in band-
emission into directions parallel to the electric field structure calculations are suitable for the investiga-
vector. This is obvious from the momentum repre- tion of valence bands via low lying conduction
sentation where the momentum operator takes on the bands.
value of the wave vector of that outgoing electron
wave carrying the main current. Its product with the
vector potential, i.e. the electric field, becomes A cknowledgements
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